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MODULAR REPRESENTATIONS AND BRANCHING RULES FOR 
AFFINE AND CYCLOTOMIC YOKONUMA-HECKE ALGEBRAS 

WEIDENG CUI AND JINKUI WAN 


Abstract. We give an equivalence between a module category of the affine Yokonuma- 
Hecke algebra (associated with the group Z/rZ) and its suitable counterpart for a direct 
sum of tensor products of affine Hecke algebras of type A. We then develop several 
applications of this result. In particular, the simple modules of the affine Yokonuma- 
Hecke algebra and of its associated cyclotomic algebra are classified over an algebraically 
closed field of characteristic p when p does not divide r. The modular branching rules 
for these algebras are obtained, and they are further identified with crystal graphs of 
integrable modules for quantum affine algebras. 


1. Introduction 

1.1. The modular branching rules for the symmetric groups 6 n over an algebraically 
closed field K of characteristic p were discovered by Kleshchev [Kiel]. Subsequently, 
the branching graph of Kleshchev was interpreted by Lascoux, Leclerc, and Thibon as 
the crystal graph of the basic representation of the quantum affine algebra U q (sl p ). The 
observation [LLT] turned out to be a beginning of an exciting development which continues 
to this day, including a development of deep connections between (affine, cyclotomic or 
degenerate affine) Hecke algebras of type A at the Mr roots of unity and integrable U q (slg)- 
modules via categorification; see |Ari II iBrl [BKl iBKWl [Gri [GVl lKle2] for related work. 

1.2. Yokonuma-Hecke algebras were introduced by Yokonuma [ To] as a centralizer al¬ 
gebra associated to the permutation representation of a finite Chevalley group G with 
respect to a maximal unipotent subgroup of G. The Yokonuma-Hecke algebra Y r:n (q) (of 
type A) is a quotient of the group algebra of the modular framed braid group (Z/rZ) lB n , 
where B n is the braid group on n strands (of type A). By the presentation given by Juyu- 
rnaya and Kannan [Tull ITuK| . the Yokonuma-Hecke algebra Y r ^ n (q) can also be regraded 
as a deformation of the group algebra of the complex reflection group G(r , 1, n), which is 
isomorphic to the wreath product (Z/rZ) l & n . It is well-known that there exists another 
deformation of the group algebra of G(r, 1, n), namely the Ariki-Koike algebra |AK The 
Yokonuma-Hecke algebra Y r , n (q) is quite different from the Ariki-Koike algebra. For ex¬ 
ample, the Iwahori-Hecke algebra of type A is canonically a subalgebra of the Ariki-Koike 
algebra, whereas it is an obvious quotient of Y rjn (q), but not an obvious subalgebra of it. 

Recently, by generalizing the approach of Okounkov-Vershik [OVj on the representa¬ 
tion theory of & n , Chlouveraki and Poulain d’Andecy [ChPlj introduced the notion of 
affine Yokonuma-Hecke algebra Y rjn (q ) and gave explicit formulas for all irreducible rep¬ 
resentations of Y rjn (q) over C (q), and obtained a semisimplicity criterion for it. In their 
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subsequent paper [ChP2], they studied the representation theory of the affine Yokonuma- 
Hecke algebra Y r ^ n (q) and the cyclotomic Yokonuma-Hecke algebra Y' l n (q). In particular, 
they gave the classification of irreducible representations of Y^ n (q) in the generic semisim¬ 
ple case. In the past several years, the study of affine and cyclotomic Yokonuma-Hecke 
algebras has made substantial progress; see [CFpTI ICFP21 [CiTTSl IH1 lERl UR imiRE] . 

1.3. The second author and Wang [WW] have introduced the notion of wreath Hecke 
algebra associated to an arbitrary finite group G and developed its modular represen¬ 
tation theory and modular branching rules. The wreath Hecke algebra (when G is the 
cyclic group of order r ) can be regarded as a degeneration, when q tends to ±1, of the 
affine Yokonuma-Hecke algebra Y r ^ n (q). Our goal of this paper is to develop the repre¬ 
sentation theory of the algebra Y r ^ n (q) by generalizing the approach of [WW]. The main 
results of this paper include the classification of the simple Y rjn (< 7 )-modules as well as 
the classification of the simple modules of the cyclotomic Yokonuma-Hecke algebras over 
an algebraically closed field IK of characteristic p such that p does not divide r (which is 
required to make sure that the affine Yokonuma-Hecke algebra Y r>n {q) is defined over IK). 
We also obtain the modular branching rule for Y rtn (q), and its interpretation via crystal 
graphs of quantum affine algebras. 

1.4. We establish the PBW basis of the affine Yokonuma-Hecke algebra Y r ^ n {q) and 
describe its center in Section 2. 

Our study of the representation theory of the affine Yokonuma-Hecke algebra Y r ^ n (q) is 
built on an equivalence between the category of finite dimensional Fr,n (</)~ m °dules (over 
an algebraically closed field IK of characteristic p such that p does not divide r) and the 
module category of an algebra which is a direct sum of tensor products of various affine 
Hecke algebras of type A. This is achieved in Section 3. 

In Section 4, we will give three applications of the above module category equivalence. 
First of all, we give the classification of finite dimensional Y^-modules by a reduction to 
the known classification of simple modules for various algebras dfj)). As a second appli¬ 
cation, we establish the modular branching rules for Y^ n . That is, we describe explicitly 
the socle of the restriction of a simple Y^-module to a subalgebra Y ^ n _ 115 and hence 
to the subalgebra Y^ rl _ 1 . Finally, we give a block decomposition in the category of finite 
dimensional -modules. 

In Section 5, we establish an equivalence between the module category of finite dimen¬ 
sional modules of the cyclotomic Yokonuma-Hecke algebra Y^n and the module category 
of an algebra which is a direct sum of tensor products of various cyclotomic Hecke algebras 

rw-A,]K 

In Section 6, we present several applications of the above module category equivalence. 
First of all, we give the classification of finite dimensional -modules by a reduction 
to the known classification of simple modules for various algebras In particular, 

we establish the modular representation theory of the Yokonuma-Hecke algebra Y ^ n . The 
second, we define an action of the affine Lie algebra, which is a direct sum of r-copies 
of sl e , on the direct sum of the Grothendieck groups of Y r ,n -modules for all n > 0, and 
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further show that the resulting representation is irreducible and integrable. The third, 
we establish the modular branching rules for Y),n ■ That is, we describe explicitly the 
socle of the restriction of a simple F r ^ K -module to a subalgebra Y^l \ \, and hence to the 
subalgebra Y^!^. Furthermore, we show that the modular branching graph for Y^n' is 

isomorphic to the corresponding crystal graph of the simple sl e -module L(A)® r . Finally, 
we give the classification of blocks for Yj.,n , which is reduced to the known classification 
for the cyclotomic Hecke algebra due to Lyle and Mathas [LMj . 

Throughout the paper: let r,n £ Z>i, and let q be an indeterminate. Let Ik = 
Z[Y][< 7 , g _1 ], and let IK be an algebraically closed field of characteristic p such that p 
does not divide r. We remark that the assumption that p does not divide r is required so 
that the affine Yokonuma-Hecke algebras are defined over the field IK. We consider IK as 
an IR-algebra by mapping q to an invertible element g€l*. If Iff denotes an Ik-algebra or 
an A-module, then IK** = IK TC denotes the object obtained by base change to IK. 

Acknowledgements. We thank Weiqiang Wang for some helpful discussions. The 
second author was partially supported by NSFC-11571036. 


2. The definition and properties of affine Yokonuma-Hecke algebras 


2.1. The definition of Y r ^ n (q). 


Definition 2.1. The affine Yokonuma-Hecke algebra, denoted by Y r<n (q), is an IR-associative 
algebra generated by the elements t\,... ,t n ,g\,... ,g n -i, A^ 1 , in which the generators 
fi,..., t n , gi, ..., g n —\ satisfy the following relations: 


9i9j = 9j9i 
9i9i+l9i = 9i+l9i9i+l 

titj — tjti 
9%tj = tsi(j)9i 
*1 = 1 

9i = 1 + (q - 9~ 1 ) e i9i 


for all i, j = 1,..., n — 1 such that |i — j\ > 2, 

for all i = 1,..., n — 2, 

for all i,j = 1,..., n, 

for alH = 1 ,...,n — 1 and j = 1,... ,n, 

for all i = 1,..., n, 

for alii = 1,..., n — 1, 


( 2 . 1 ) 


where Sj is the transposition (i, i + 1) in the symmetric group 6 n 
each 1 < i < n — 1, 


r —1 


a := 




—s 

+ 1 ’ 


s=0 


on n letters, and for 


together with the following relations concerning the generators Aj* 1 : 

A i A ^ 1 = A-'A, = 1, 

31A151A1 = X\g\X\g\ , 

9 % X\ = X\g % for all* = 2,..., n - 1, 

tjX\ = X]tj for all j = 1,..., n, 


Remark 2.2. We recall that the Yokonuma-Hecke algebra Y r ^ n (q) of type A, defined by 
Yokonuma in fYo] , is the associative algebra over A generated by elements t[,... ,t' n and 
g[, ■ ■ ■ ,g' n _ i with the defining relations as in (12.11) with each gi replaced by g[ and each tj 
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replaced by f'• |.Tull I,lu2( I.TuKj . By |ChP2l (2.6)], the homomorphism l : Y rtn (q) -A Y r _ n (q), 
which is defined by 

i(t'j) = tj for 1 < j < n and L(g l i ) = gi for 1 < i < n — 1, (2.3) 

is an injection. Meanwhile, By |ChPli (3.6)], there exists a surjective algebra homomor¬ 
phism 7T : Yr t n(q) -A Y Tt n{q) given by 

ir(tj) = tj, 7T (gi) = gl vrpfi) = 1 (2.4) 

for 1 < j < n and 1 < i < n — 1. 


By Remark 12.21 we can identify the Yokonuma-Hecke algebra Y rin (q) with the sub¬ 
algebra of Y r ^ n (q) generated by t \,..., t n , g x ,..., g n -\. Moreover, let G = Z/rZ and 
T = G n = (^Llr r L) n . Then the group algebra of T over fk is isomorphic to the subalgebra 
of Y rtTl (q) generated by t \,..., t n . 

Note that the elements are idempotents in Y r ^ n (q). The elements gi are invertible, 
with the inverse given by 

gr l = gi - (q - g -1 )^ for alH = 1,..., n - 1. (2.5) 

Let w G & n , and let w = ■ ■ ■ Si r be a reduced expression of w. By Matsumoto’s 
lemma, the element g w := ■ ■ ■ g% r does not depend on the choice of the reduced 

expression of w. 

Let i, k € {1,2,..., rt} and set 


Note that = 1, 
following holds: 


k 



s =0 


( 2 . 6 ) 


e.k,i, and that ej j+i = e*. It can be easily checked that the 


Cj,kgi = 9i^si{j), Si (k) for i = 1,... ,n — 1 and j, k = 1,... ,n. (2.7) 

In particular, we have eig\ = g^ for all i = 1,..., n — 1. 

We define inductively elements X 2 ,. ■ ■, X n in Y r ,n(g) by 

X i+ i := gtXigi for i = 1,..., n - 1. (2.8) 

Then it is proved in [ChPl, Lemma 1] that we have, for any 1 < i < n — 1, 

g,Xj = Xjgi for j = 1, 2,..., n such that j 7 ^ i, i + 1. (2.9) 

Moreover, by [ChPl, Proposition 1], we have that the elements t \,..., t n , X \,..., X n form 
a commutative family, that is, 

xy = yx for any x,y G {h,... ,t n , X 1} ..., X n }. (2.10) 


We shall often use the following identities (see [ChP2, Lemma 2.3]): for 1 < i < n — 1, 

giXi = X i+1 gi - (q - q~ l )eiX i+x , 
giX i+ 1 = Xigi + (q- q~ 1 )e i X i+ 1 , 
giXi 1 = x£ l9i + (q - q-^aXr 1 , 
g t X- + \ = X~ l 9l -{q- q~ 1 )e i X~ l . 


( 2 . 11 ) 








AFFINE AND CYCLOTOMIC YOKONUMA-HECKE ALGEBRAS 


5 


2.2. The center of Y), „. From now on, we always consider the specializations over IK of 
various algebras: 

Y r K n = K Y rtn (q), Y r K n = K <8 >;r Y r , n (q). 

Recall that G = TLlrTL and T = G n . Observe that the symmetric group 6 n acts on T by 
permutations: w h := {h w - i(i),..., h w - i( n )) for any h = (h \,..., h n ) G T and w G & n . Let 
P^ = KfX)* 11 ,.... X ^- 1 ] be the algebra of Laurent polynomials in X\,... ,X n , which is 
regarded as a subalgebra of Y^ n . For each a = (a\, ..., a n ) G Z n , set X a = Xf 1 ... X" n . 
The symmetric group & n acts as automorphisms on P * by permutations. Let us denote 
this action by / i—>• w f for w G & n and / G P^- Then we have w {X a ) = X wa , where 
wa = (cx w -i(i), ■ ■ ■, ck w -i( n )) for a = (ai,..., a n ) G Z n and w G & n . 

By making use of the identities (12.111) and by induction on the degree of the polynomials, 
we can easily get the following lemma. 

Lemma 2.3. For any f G P^f and 1 < i < n — 1, The following holds: 

9if - Si f3i = (g - <T X )ei f ■ (2.12) 

1 XiX i+l 

The next lemma easily follows from Lemma 12.31 

Lemma 2.4. Let w G <3 n , t G T and a = (or, ..., a n ) G Z n . Denote the Bruhat order on 
& n by < . Then in Y^ n , we have 

g w tX a = ( w t)X wa g w + ]T t u f u9u , tX a g w = g w ( w -\)X w ~ la + £ gJJ u 

u<w u<w 

for some f u , f' u G Pf and t u , t' u G KT. 

The following theorem gives the PBW basis for the affine Yokonuma-Hecke algebra Y^ n 
(see also [ChP2, Theorem 4.4]). 

Theorem 2.5. Let be the IK -vector space spanned by the elements g w for w G © n . 
Then we have an isomorphism of vector spaces 

Ff KT ® 34® —» Y* n . 

That is, the elements {X a tg w \ a = («i,... ,a n ) G TP,t G T,w G & n } form a K -basis of 
Y^ n , which is called the PBW basis. 

Proof. It follows from Lemma [2.41 that Y^ n is spanned by the elements X a tg w for aGZ", 
t G T, and w G <3 n . Since the set {h ® Y a \h G T, a G Z n } forms a K-basis for the 
vector space KT KfY^ 1 ,..., Y^ 1 ], we can verify by a direct calculation that KT 
KfY^ 1 ,..., Y^ 1 ] is a Y^-module, which is defined by 

Xf 1 o (h ®Y a ) = h® Y^Y a for 1 < * < n, 

to [h® Y a ) = th ® Y a for t G T, 

o (.h <g> Y a ) = s ih ® Y s i a + (q — q~ l )( s ^h)ej ® ] f f-i for 1 < j < n — 1. 

1 u'j+1 
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In order to show that the elements X a tg w are linearly independent, it suffices to prove 
that they act as linearly independent linear operators on KT®kK[Y l ±1 , ..., Y^ 1 ]- But this 
is clear if we consider the action on an element of the form Y-^Y™ ■ • • Y™ N for N 0. □ 

Let Pn(T) be the subalgebra of Y^ n generated by t\,... ,t n and Xf l ,..., X± l . Then 
we have 


pK( T ) ^ ^ KT _ 

Lemma 2.6. The center ofY^ n is contained in the subalgebra P^(T). 

Proof. Take a central element 2 = £ w e6n z w9w G Y^ n , where z w = d t , a X a t G L*(T). 
Let r be maximal with respect to the Bruhat order such that z T ^ 0. Assume that 1. 
Then there exists some i € {1,2,..., n} with r(z) ^ i. By Lemma 12.41 we have 

XiZ zXi z T (Xi X r ^^g r -(- ^ ( a^/^^ u X^t g u . 

U<T 


By Theorem 12.51 we must have z T = 0, which is a contradiction. Hence we must have 
r = 1 and z G J*(T). □ 

Let P„ K (T) e "- = {£ d^X a lP G P n K (T)| £ d a jX a tP = £ d a ^X wa t w P for any w G ©„}• 

Theorem 2.7. The center of Y^ n consists of elements of the form z = £ d a ^X a P 
satisfying d WQliW p = d a $ for any w G & n and a G Z n ,/3 G Z". Thus, Z(Y^ n ) = P^(T) Sn . 

Proof. Suppose that 

* = Y e Z ^n)- 

aez n ,/3ez? 

Then we have, for each 1 < k < n— 1, g k z = , that is, fip£ d a ,/ 3 X a t^ = £ d a ^X a t^ g k . 

Thus, by f|2.4j> we have 


■V^Q; _ VS^Ot 

Y d a ^X Ska t Skl3 g k + (q- g -1 ) ^ d a ,pe k ————-t 13 = Y d a ,pX a t l3 g k . 

a,(3 ^ fc+1 a,/3 


By Theorem 12.51 we must have 


Y<px ska t s ^ = Y<h xo ' tfi 

a,g a,ft 


d a pek 

a,f) 


X a — X SkC 


1 - Xi X 


-1 

jfc+1 


tP = 0 


for any 1 < k < n — 1, 
for any 1 < k < n — 1. 


(2.13) 


(2.14) 
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We claim that (|2.13p implies (12.140 . In fact, for each /3 = (/?i,..., (3 n ) £ Z" and 1 < k < 
n — 1, we have 


ekt 0 = (- 


,1 


r —1 




./3i 


s=0 


E ,/3i ./3fc_i ./3fc+s./3fc+i-s ,/3k+2 ,p n 

' ''fc-l l k L k +1 *'fc+2 ' ' ' 



r—1 


s=0 


j.fik — 1 j.^fc+1 j.fik ( 4 -fik fik-\-l~^~ s j.fik-\-l fik S\j.Pk-\-2 4 -fin 

L k-l L k L k+l\ L k L k +1 J L k +2 ' “ 6 n 


1 

j.^1 j.fik-lj.fik-\-lj.fik j.fik+2 4 -fin ( _ \ ^ j. fik fik-\-l~^~&j.fik+1 fik s 

L 1 ’ ’’ L k-1 L k L k+l L k+2 ' " L n \ r /_^ l k L k+1 

3 =0 


r —1 




(2.15) 


s'=0 


where s' = /3k — (3k+i + s mod r. Then we have 

d a ^e k X a t d = efcZ = since z is central, 
= Y J d a ,pX s * a t s ^e k by 


= ^2 d a , p X s * a e k t 0 by J3I5I), 


= x; d a ^e k X s ^. 


This is an invariant of (12.141) with the denominator cleared. 

Note now that (12.131) holds if and only if d ai( g = d Sk0l , Sk p for a £ Z n ,/3 £ Zf and 
1 < k < n — 1, and hence d wol , w p = d a ^ for any w £ 6 n . 

Reversing the above arguments, an element 2 £ Y^ of the form z = d a ^X a t d 
satisfying d WOitW p = d a j( g for any w £ & n is indeed central. □ 

Corollary 2.8. If M is an irreducible Y^ n -module, then M is finite dimensional. 

Proof. It is known that is a free K^X^ 1 ,... , X± 1 ]® n -module of finite rank n!, and KT 
is a free (KT)® n -module of finite rank. Hence by Theorem 12.71 we observe that Y^ n is 
a free module over its center Z(Yj‘ n ) of finite rank. Dixmier’s version of Schur’s lemma 

implies that the center of Y^ n acts by scalars on absolutely irreducible modules, which 
implies that M is an irreducible module for a finite dimensional algebra, and hence M is 
finite dimensional. □ 

Remark 2.9. Recently, Chlouveraki and Secherre [ChS, Theorem 4.3] proved that the 
affine Yokonuma-Hecke algebra is a particular case of the pro-p-Iwahori-Hecke algebra 
defined by Vigneras in [Vil]. In [Vi2, Theorem 1.3] Vigneras described the center of the 
pro-p-Iwahori-Hecke algebra over any commutative ring R. Thus, our Theorem 12.71 can 
be regarded as a particular case of Vigneras’ results. 
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3. An equivalence of module categories 

In this section, we establish an explicit equivalence between the category h^-mod of 
finite dimensional Y^-modules and the category TCj? n -mod of finite dimensional TCj? n - 
modules, where is a direct sum of tensor products for various affine Hecke algebras 

of type A. This category equivalence plays a crucial role throughout the rest of this 
paper. 


3.1. The structure of Y^-modules. Let {Vi,... ,V a } be a complete set of pairwise 
non-isomorphic finite dimensional simple KG-modules. Since K is an algebraically closed 
field of characteristic p such that p does not divide r and G is the cyclic group Z/rZ, we 
have a = r and dimI4 = 1 f° r each 1 < k < r. Using this fact, we can easily get the next 
lemma, which can be regarded as a particular case of [WW, Lemma 3.1]. Recall that 
e i = r £s=o 1 for 1 < * < n — 1 . 

Lemma 3.1. (1) e\ = 0, when acting on a simple K G 2 -module 14 0 Vi for 1 < k 7 ^ l < r. 

( 2 ) e\ = id, when acting on the K G 2 -module V® 2 for 1 < k < r. 

Since {Vq 0 - ■ -®Vi n |1 < i \,..., i n < r} forms a complete set of pairwise non-isomorphic 
simple KT-modules, by Lemma [Til we immediately get that on 0 ••• 0 Vi n , e & acts 
as the identity if ij. = ik+T, otherwise, acts as zero. 

Set I := {q l | i £ Z}. Let e denote the number of elements in L Then e £ N U { 00 }, and 
e is the order of q £ K*. 

Given an algebra S, we denote by S-mod the category of finite dimensional left S- 
modules. Since K is an algebraically closed field of characteristic p such that p does not 
divide r, every module M in L r *-mod is semisimple when restricted to the subalgebra 
KT. 

Let G r (n) be the set of r-compositions of n, that is, the set of r-tuples of non-negative 
integers p = (pi ,..., p r ) such that £ 1<a<r p a = fi. For each p £ G r (n), let 

V(p) = V 0 • • • 0 V® 1 * 


be the corresponding simple KT-module. Let := 6 /il x ■ ■ ■ x &^ r be the corresponding 
Young subgroup of 6 n and denote by 0 (p) a complete set of left coset representatives of 
in & n . For each p £ G r (n), we define Y^ to be the subalgebra of Y^ n generated by 
ti,..., t n , X ^ 1 ,..., X^f 1 and g w for w £ Then by Defintion l2.1l we have 


TrlfC 

-*r, [i -*r,/x 1 



And every module N in F^-mod is semisimple when restricted to KT. 

Given an M £ F r K n -mod, we define I^M to be the isotypical subspace of V(p) in M, 
that is, the sum of all simple KT-submodules of M isomorphic to V(p). We define Mf by 


] g w {I^M). 

wG6„ 

Lemma 3.2. Let p £ G r (n) and M £ Y^-mod. Then, I^M is a Y^;, -submodule and 

^ yK 

is a Y^-submodule of M. Moreover, Mf = Ind Yf^M). 

* T,pL 
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Proof. Since X^ 1 commutes with K.T for each 1 < i < n, then each X± 1 (1 < i < n) maps 
a simple IKT-submodule of M to an isomorphic copy. Hence, I^M is invariant under the 
action of the subalgebra P^. Since g w , for each w £ <3^, maps a simple KT-submodules 
of M isomorphic to V(p) to another isomorphic one, I^M is invariant under the action 
of g w for all w £ 6^. Hence, I^M is a Y^-submodule, since is generated by P*, K T, 
and g w (w £ <S M ). 

It follows from the dehnition that Mf is a Y^-submodule of M. 

By Frobenius reciprocity, we have a nonzero Y^-homomorphism 



Observe that 

= £ g w (I tJ M) = £ 

i»e6„ reO(/i) 

Hence, f> is surjective, and then an isomorphism by counting dimensions. □ 

Lemma 3.3. We have the following decomposition in Y^-mod: 

M= ® M„. 

llGCr(n) 

Proof. Let M £ Y^-mod. Then M is semisimple as a KT-module. Observe that Mf 
is the direct sum of those isotypical components of simple KP-modules which contain 
exactly pi tensor factors isomorphic to Vi for all 1 < i < r. Now the lemma follows. □ 

3.2. An equivalence of categories. For each n £ N, the extended affine Hecke algebra 
Ji n of type A is a h[q, q _1 ]-algebra generated by elements T t , Y^ 1 , where 1 < i < n — 1 
and 1 < j < n, subject to the following relations: 

(1) (Ti - q)(Ti + q _1 ) = 0, TiT i+1 Ti = T i+1 TiT i+ i for i = 1,2,..., n - 1; 

(2) TiTj = TjTi for \i - j\ >2; 

(3) VY- 1 = Yr ] Y t = 1, YjYj = YjY t for all i,j ; 

(4) TiYiTi = Y i+ i for i = 1, 2,..., n - 1, TfYj = Y 3 T X for j ^ i.i + 1. 

Let w £ & n , and let w = sp ■ ■ ■ Si k be a reduced expression of w. The element T w := 
Tp Ti 2 ''' Ti k does not depend on the choice of the reduced expression of w. Note that 



We define the following algebra: 

== © m where ££„ = $£ ® ■■■ ® 

fiGS r (n) 

Recall that {Hi,..., V r } is a complete set of pairwise non-isomorphic finite dimensional 
simple KG-modules and moreover dim V = 1 for 1 < i < r. So we can write Vj = Ku* for 
1 < i < r. For each p £ G r (n), set = vf ® £ V(p). And then V(p) = Kv^. 
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Proposition 3.4. Let g G G r (n) and N G 7 r *-mod. Then Hohikt^U^), N) is an 
module with the action given by 

{T w o (j>)(v,j) = 

( Y ^ o = x t 1( t ) ( v n) 

for w G &n, 1 < k < n, and 4> G HomKT(^(/x), -/V). Thus, HomKT(V’(/x), —) is a functor 
from -mod to M^-mod. 

Proof. Let us first show that T w o <fi is a KT-homomorphism. It suffices to consider each 
Tj o cf for i G Ifj, := {1,2,... , n — l}\{Aii, /^i + gi, ■ ■ ■ ,/H + ■ ■ ■ + g r -i}- Observe that we 
have, for each 1 < j < n, 

{Ti o 4>)(tj(Vfj,)) = (TiO0)(i s .(,■)(«„)) 

= Si (j)( v /x)) 

= tj{Tio4>)[y,j). 

The fact that Y ± 1 o (f is a KT-homomorphism can be proved similarly. 

Using the fact that e*,, for each k G I M , acts on U(/x) as the identity, it is easy to 
verify the relations for the 34^,-module structure on HomKr(L(/i),JV). We will skip the 
details. □ 

Proposition 3.5. Let M be an ffijF ^-module. Then V(g) 0 M is a Y^-module via 

tk * {Vfi 0 z) = t k (Vfj.) 0 z, 

9w * {v^ 0 z) = 0 T w z, 

X^ 1 * (v/j, 0z)=r M 0 Y k lz 

for 1 < k < n, w G and z G M. There exists an isomorphism of TC^^-modules 
<£> : M —> Homucr(^(Ai), U(/r) 0 M) given by <h(z)(u) = v 0 z. Moreover, V(g) 0 M is a 
simple Y^-module if and only if M is a simple OL^-module. 

Proof. It is straightforward to verify that V(g) 0 M is a T^-module as given above. 

It is easy to see that <f> is a well-defined injective -homomorphism. However, observe 
that as a KT-module, V(g) 0 M is isomorphic to a direct sum of copies of V(g). Thus, 
<f> is an isomorphism by comparing dimensions of these two modules. 

Suppose that V(g) 0M is a simple T^-module and E is a nonzero TC^-submodule of 
M. Then V (g) 0 E is a nonzero Y ^,-subrnodu 1 e of V(g) 0 M, which implies E = M. Con¬ 
versely, suppose that M is a simple -module and P is a nonzero YjF^-submodule 
of V(g) 0 M. By Proposition 13.41 Horn $zr(V(g),P) is a nonzero -submodu 1 e of 

HoiuktC^ (g), Y (/u)0M) = M, which is simple. Hence, Hoiii]kt(U (g), P) = M. Since P, as 
a KT-module, is isomorphic to a direct sum of copies of V(g), we must have P = V (/i)0M 
by a dimension comparison. □ 
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Proposition 3.6. Let N G F^-mod. Then we have 

* : V(p) <g> Horn KT {V(p), I^N) —► 

Vy. ® ^ 

defines an isomorphism of Y^-modules. 

Proof. By Lemma 13.21 IV is a Y^-module. It follows from Propositions 13.41 and 13.51 
that V{p) ®Hom^T(V(T), IfiN) is a Y^-module. 

It can be easily checked that 'L is a Y^-homomorphism. Since as a KT-module I^N is 
isomorphic to a direct sum of copies of V(p), 'L is surjective, and hence an isomorphism 
by a dimension comparison. □ 

We now give one of the main results of this paper. 

Theorem 3.7. The functor T : F r K n -mod —f 77* n -mod defined by 

T(N)= 0 Hom KT (V(p),I„N) 

fiGE r (n) 

is an equivalence of categories with the inverse 9 : 37* n -mod —» F^,-mod given by 

_ yK 

S(®»eer(n)Pu) = 0 Indd^QT)®^). 

1 r,pi 

/7GCr(«-) 

Proof. Note that the map in Proposition 13.51 is natural in M and ’L in Proposition 13.61 
is natural in N. One can easily check that 3~9 — id and 93~ — id by using Lemmas 13.21 
and 13.31 and Propositions 13.4113.61 □ 

4. Classification of simple modules and modular branching rules 

In this section, we will present three applications of the equivalence of module categories 
established in Section 3. We shall classify all hnite dimensional simple Y^-modules, and 
establish the modular branching rule for Y^ n which provides a description of the socle of 
the restriction to Y^ n _ ] 1 of a simple Y^-module. We also give a block decomposition of 

F^-mod. 

4.1. The simple FjJ^-modules. 

Theorem 4.1. Each simple Y^ n -module is isomorphic to a module of the form 

Ok 

S^L.) := Ind£" ((If-® Li) ® ‘'' ® <g, L r )), 

1 r ih L 

where p = (p\,...,p r ) G C r (n), and Lk (1 < k < r ) is a simple TC^-module. Moreover, 
the above modules S^lL.), for varied p G C r (n) and (1 < k < r ), form a complete set 
of pairwise non-isomorphic simple Y^ n -modules. 

Proof. It follows from the category equivalence established in Theorem 13.71 □ 
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Remark 4.2. It is known that Ariki and Mathas have given the classification of the 
simple modules of an affine Hecke algebra of type A over an arbitrary field in terms 
of aperiodic multisegments. In particular, the non-isomorphic simple TCj^-rnodules are 
indexed by the set M”(IK) (see [AM, Theorem B(i)] for the details), where e is the order 
of q in IK. Combining this with Theorem 14.11 we obtain that the simple Y^-modules are 
indexed by the set 

•A = {(p,ifi, ■■■ ,A) I M = (mi> •• ■ ,aO e € M^(1K), 1 < i < r}. 


4.2. Modular branching rules for Y^ n . For a G IK* and M G IK^-mod, let A a (M) 
be the generalized a-eigenspace of Y n in Res^" M, where 1 = ® Since 

^71-1,1 

Y n — a is central in the subalgebra j of IK^, A a (M) is an ^submodule of 

Res-" M. Define 
K-i,i 

e a M := Res-^ -1 ’ 1 A a (M). 

^n-1 

Then we have 

Resg M = © e “ M ' 

” 1 aeK* 

We denote the socle of the 1H^_ i -module e a M by 


e a M := Soc(e a M). 

The following modular branching rule for is a result of Grojnowski-Vazirani. 

Proposition 4.3. (See [GV, Theorems (A) and (B)].) Let M be a simple -module 
and a G IK*. Then either e a M = 0 or e a M is simple. Moreover, the socle o/Res-^ M 

*^n—1 

is multiplicity free. 


We start with a preparatory result. 

Lemma 4.4. Suppose that p = (pi,..., p r ) G C r (n) and let L *. (1 < k < r) be a 
module. Then 

Ind£ tt ((Rf w ® Li) ® • • • ® (R®^ ® L r )) 

-*• r,/x 

= Indg" ((vfr; (1) ® l t( d) ® ■ ■ • ® (R®;; w ® L T{r) )), 
where r(p) = (// r (l), • • •, Mr(r)) for any r G 6 r . 

Proof. We denote the left-hand side and the right-hand side of this isomorphism in the 
lemma by L and R, respectively. By Theorem 13.71 it suffices to show that 3~(L) = 3“(R). 
Indeed, for any v / p G C r (n), HomKT(F(i/), I„L) = HomKT(F(^),4R) = 0 (actually 
/„L = I^R = 0). We also have the next isomorphism 

Hom K t (V(p),I^L) ^ Li ® ■ ■ ■ <g> L r ^ Hom K T(R(/ 4 ), -^R)- 
Thus, we have proved this lemma. □ 
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Given an r-composition p = (p 1 ,... ,p r ) G C r (n), we denote by 

= (Ml) - - - 7 A** — — , Mr-), hf = + 

the r-compositions of n 1 associated with p for 1 < i < r. (It is understood that the 
terms involving p~ disappear for those i with pi = 0 .) 

Recall that , is the subalgebra of if generated by 1C T, Xf,..., Xf, and 

for all w G <5 n _i. Then we have Y^ n _\ 1 = lf n _, 0 if. The following result can be 
considered as a variant of Mackey’s lemma, and the L k (1 < k < r) in Sf L.) are not 
necessarily simple modules. 


Lemma 4.5. Suppose that p = (/ii,..., p r ) G C r (n) and L k (1 < k < r) is a Si^-module. 
Then we have 


yK 


S,(L.) 


= © f f e a L.) 0 (14 0 L(a)), 

a€K*,l<fc<r 


where L(a) is the one-dimensional 1C [X^ l ]-module with X^ 1 acting as the scalar a^ 1 and 
Sf (e a L.) denotes the Y^^-module 

Ind^T 1 ((if w 0 Li) 0 • • • 0 0 e a L k ) 0 • • • 0 (if ^ 0 L r )). 

r ^k 


Proof. It can be easily checked that S^-(e a L.) 0 (V r 0 L(a )) is a lf_ 1 . 1 -submodule of 

pK 

Res-f S/j,(L.) for all a G K* by Mackey’s lemma. If p r = 0, it means that we take 
— 1,1 

the biggest k satisfying p k / 0. Then Lemma 03] implies that S - (e a L.) 0 (14 0 L(a)) is 

_ yK 

a lf n _i j-submodule of Resf" SfL.) for each a G IC* and 1 < k < r, and hence we 
have 

E S u-S e - L -) ® ® f«)) ^ Res S n f f )• 

K r T! — 1 1 

aGK*,l<fc<r 

Since V k 0 L(a ) are pairwise non-isomorphic simple if-modules for distinct ( k,a ), the 
above sum is indeed a direct sum, and then this lemma follows from a dimension com¬ 
parison. □ 


We are now ready to establish the modular branching rules for if. 


Theorem 4.6. Consider the simple Y^-module SfL.) defined in Theorem \ f.l\ Then 
we have 

Soc(Res ? f S^(L.)) = © f f e a L.) 0 (14 0 L(a)), 

r ’ n 1,1 aGK*,l<fc<r 

where S ~{e a L.) denotes the nonzero simple Y^^-module 


Ind 


vK _ 

I r,n—1 ( ff/<8>Ml 
yK 


((if w 0 Li) 0 ■ ■ ■ 0 (Vf (#ifc_1) 0 e a L k ) 0 • • • 0 (if ^ 0 L r )). 


14 


WEIDENG CUI AND JINKUI WAN 


Proof. It follows from Lemma 14.51 by observing that the socle of the Y^ l _ 1 -module 
S - (e a L.) is S - (e a L.). ’ □ 

4.3. A block decomposition. In this subsection, we will construct a decomposition of 
a module M in Y^-mod, which is similar to [Kle2, Sections 4.1 and 4.2], 

For any s = (s i,..., s n ) £ (K*)", let Mg be the simultaneous generalized eigenspace of 
M for the commuting invertible operators X\ ,..., X n with eigenvalues s\, ... ,s n . Then 
as a Pjf-module, we have 

M= 0 Ms- 

se(K*) n 

A given s £ (K*) n defines a one-dimensional representation of the algebra A„ = 
as 

: K K, f(X±\ ..., X^ 1 ) ha f(sf\ ..., 4 1 ). 

Write s ~ t if they lie in the same © n -orbit. Observe that s ~ t if and only if = u 7 . 
For each orbit 7 £ (lK*) n / ~, we set := uJg for any s £ 7 . Let 

M[ 7 ] = {m £ M | (z — w 7 (z)) Jv m = 0 for all 2 £ A n and JV»0}. 

Then we have 

m[ 7 ] = ®m. 

Since A n is contained in the center of YjF n by Theorem 12.71 A/[ 7 ] is a Y^-module and 
we have the following decomposition in Y r ^-mod: 

M= 0 Af [ 7 ]. (4.1) 

7€(K*) n /~ 

Recall the decomposition in Lemma 13.31 We set, for each fj, £ C r {n) and 7 £ (K*) n / 
that M[/i, 7 ] := Mf 0 M[ 7 ]. Since A]^ 1 ,..., A ^ 1 commute with KT, it follows that 
M[/i, 7 ] = (M m )[ 7 ] = (A / I['y]) fl . Thus, combining Lemma HOI and (14.11) . we have the fol¬ 
lowing decomposition in L^-mod: 

M = 0 M[/i, 7 ]. ( 4 . 2 ) 

/iee r (n), 7 G(K*) 7l /~ 

This gives us a block decomposition of L r *-mod by applying Theorem l3.7l and the well- 

known block decomposition for J{ n over an algebraically closed field; see [Gr, Proposition 
4.4] and also [LM, Theorem 2.15]. 

5. Cyclotomic Yokonuma-Hecke algebras and Morita equivalences 

A K 

In this section, we establish an explicit equivalence between the category Y r f -mod of 
finite dimensional Y r ^-modules and the category -mod of finite dimensional - 
modules, where Jir’n is a direct sum of tensor products for various cyclotomic Hecke 
algebras This category equivalence plays a crucial role in Section 6 . 
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5.1. Cyclotomic Yokonuma-Hecke algebras. Recall that I = {q l \ i G Z}. A Y^ n - 
module is called integral if it is finite dimensional and all eigenvalues of X \,..., X n on M 
belong to the set I. We denote by Y^-modi the full subcategory of h^-mod consisting of 
all integral Y^-rnodules. Similarly, we can define integral fK^-modules and the category 
(Kjf-modj. It is explained in [Va, Remark 1] that to understand (K^-mod, it is enough 
to understand fK^-modj, that is, the study of simple modules for can be reduced to 
that of integral simple JC^-modules. Then by Theorem 13.71 to study simple Y^-modules, 
it suffices to study simple objects in Y^-modj. 

Now we introduce the following intertwining elements in Y.^ n : 

Qi := qgi( 1 - X t Xf ^ x ) + (1 - q 2 )ei , 1 < i < n - 1. 

Lemma 5.1. For each 1 < i < n — 1, we have 

e< = (1 - - 1) + (1 - q 2 XiXr + \)( 1 - q 2 X i+l X^)- (5.1) 

@iXi = X i+1 @i, QiX i+1 = X,Q U QiXj = XjQi for + 1. (5.2) 

Proof. By (12. lip , we can prove these identities by a direct computation as follows. 

Q 2 = [q gi (l - X.X^) + (1 - q 2 ) ei } 2 

= q 2 gi { 1 - XiXr + \) gi ( 1 - X,X- + \) + 2q(l - q 2 ) 9 M 1 - X t Xf + \) + (1 - q 2 fe 2 
= q 2 [ 1 + (q- q~ l )ei£li}( 1 - Xi*r+l) - q 2 9iX i [ gi X- 1 ~{q~ q-^Xf 1 ] 
x (1 - XiX^) + 2g(l - q 2 ) giei (l - X.Xf+f) + (1 - q 2 fd 
= q 2 { 1 - X t Xr + \) + q ( q 2 - l)^e,(l - X t Xr + \) - q 2 X l+1 Xf\ 1 - I,!' 1 ,) 

+ lO? 2 - l)ff»ei(l - Y^xr^i) + 2q(l - q 2 ) 9i ei(l - XjX^) + (1 - q 2 ) 2 ei 
= (1 - q 2 ) 2 ( ei - 1) + (1 - q 2 XiXr + \)( 1 - q 2 X i+1 X^). 

&iXi = [q 9i ( 1 - I.lr+i) + (1 - 9 2 )e*]^ 

= g[W +1 ^ - (q - g _1 )eiW + i] (1 - XiXf^) + (1 - q 2 )eiXi 
= qX i+igi (l - XiX^f) - ( q 2 - l)eiX i+1 + (q 2 - 1 )ejXj + (1 - q 2 )eiXi 
= X i+1 [q 9i {l - XiXr ^i) + (1 - q 2 )ei] 

= X i+1 ©i. 


— [<?5i(l — -XjXj+i) + (1 — <Z 2 ) e i]^Q+l 
= q[x igi + (q- q~ l )eiX i+ i] (1 - XjXr^) + (1 - g 2 )e ? :X m 
= qX igi (l - XjXr^) + (g 2 - l) ei X i+ i - (q 2 - 1 )e*W + (1 - g 2 )ejY i+ i 
= W[g 5i (l-WY^ 1 1 ) + (l-g 2 )e 4 ] 

= x,o t . 


By (12.91) and (|2.10f) . we have QiXj = XjQi for j / i, i + 1. 


□ 
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Lemma 5.2. Let M £ F r ^-mod and fix i with 1 < i < n. Assume that all eigenvalues 
of X t on M belong to I. Then M is integral. 

Proof. It suffices to show that the eigenvalues of Xk on M belong to I if and only if the 
eigenvalues of Xk+\ on M belong to I for 1 < k < n— 1. By Lemmas 13.21 and 13.31 it suffices 
to consider the subspaces I^M for all /a £ 6 r (n). Assume that all eigenvalues of Xk+\ on 
I^M belong to I. Let a be an eigenvalue for the action of Xk on I^M. Since Xk and X^+i 
commute, we can pick u lying in the a-eigenspace of Xf. so that u is also an eigenvector 
for Affc + i, of eigenvalue b. By assumption, we have b = q s for some s £ Z. By (15.21) . we 
have Xfc+iQfc = Qk^k- So if ©^.w 0, then we get that Xk+iQkU = hence a is an 

eigenvalue of Xk+\, and so a £ I by assumption. Else, ©^n = 0, then applying (15.1|) . we 
have 

(1 — q 2 ) 2 {ek — 1 )u + (1 — q 2 ~ s a){ 1 — q 2+s a~ 1 )u = 0. 

Since I^M is isomorphic to the direct sum of copies of Vf 4 ' 1 (g> ■ ■ ■ (g> Vfi r , by Lemma 13.11 
we have ekU = 0 or ekU = u. Thus, we must have a = q s or a = q s±2 . We again have a £ I. 
Similarly, we can show that all eigenvalues of Xk+\ on I^M belong to I if we assume all 
eigenvalues of Xk on I^M belong to I. □ 

Set I = {0,1,..., e — 1}, where e is the order of q £ K*. Let 

A := {A = (Ai)j e j | A i € Z>o and only finitely many A* are nonzero}. 

Let 

fx =f x (X 1 ) = H(X 1 -qY i . 

ieJ 

The cyclotomic Yokonuma-Hecke algebra Y^ 7 \' is defined to be the quotient algebra by 
the two-sided ideal 3\ of Y^ n generated by /a, that is, 

Ytf = Y^J3 a, A € A. 

Lemma 5.3. Let M £ E r ^-mod. Then M is integral if and only if 3\M = 0 for some 
A £ A. 

Proof. If 3\M = 0) then the eigenvalue of X\ on M are all in I. Hence M is integral by 
Lemma [5.21 Conversely, suppose that M is integral. Then the minimal polynomial of X\ 
on M is of the form n, e j(t — Q l ) Xi for some A, € Z>o- So if we set 3\ to be the two-sided 

ideal of Y^ n generated by IXei(^fi ~ we certainly have that 3\M = 0. □ 

By inflation along the canonical homomorphism Y^ n —>• 17%n K > we can identify Y r ^f'- 
mod with the full subcategory of F r ^-mod consisting of all modules M with 3\XI = 0. By 
Lemma HOI to study modules in the category Y^-modi, we may instead study modules 
in the category -mod for all A £ A. 

The next proposition follows from [ChP2, Theorem 4.4], In fact, we can adapt all the 
claims in [Kle2, Section 7.5] to our setting and give a direct proof of the PBW basis 
theorem for Y r % ; see [C, Section 2] for more details. 
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Proposition 5.4. Suppose A € A. Let d = |A| = X)iej-V following elements 
{ X a tg w | a = (cq,..., a n ) G Z n with 0 < cq ,..., a n < d — 1, t G T, w G 6 n } 
form a basis for Y X ^. 


5.2. The functors e* fc and f X x k• In view of (14.21) . we have the following decomposition 
in y^-modi: 

M = © M\p, 7 ]. 

#ieCr(n),76l"/~ 

Set T n to be the set of nonnegative integral linear combinations 7 = Ylje i7j e j °f the 
standard basis £j of Zl J l such that = n - If s G F\ we define its content by 

cont(s) := ^2 7 j£j G T n , where 7 j = = 1,2,..., n \ = g 3 '}. 

jel 

The content function induces a canonical bijection between I n / ~ and T n , and we will 
identify the two sets. Now the above decomposition in YJ^-modi can be rewritten as 

M = © M[n, 7 ]. (5.3) 

Mee r (n),7er„ 

Such a decomposition also makes sense in the category 

Observe that the subalgebra of Y x ^ generated by A^ 1 ,..., KT, and g w for all 

w G &n—i is isomorphic to Y x ^_ 1 <g> KG by Proposition 15.41 


• • A 3C. 

Definition 5.5. Suppose that M G Yfin -mod and that M = M[p, 7 ] for some p G C r (n) 
and 7 G T n . For each j G J and 1 < k < r, we define 


e lx kM = Hom KC {V k: Res^f^ mG M) [p k , 7 - Ej \, 


A,K 


A* M = ® u)) K, 7 +7] 


YA ®KG 


We extend fc (resp. fe ) to functors from -mod to F^i-mod (resp. from 
7 r ^ K -mod to h/^pmod) by the direct sum decomposition (15.31) . 


Remark 5.6. When r = 1, the functors e x k and f x k (with the index dropped) 
coincide with the ones e x and fj' defined by Ariki and Grojnowski; see [Aril] and [Gr]. 

5.3. A Morita equivalence. Let & n _i be the subgroup of 6 n generated by S 2 , ■ ■ ■, s n - 
For each p = (/q,..., p r ) G C r (n) and 1 < k < r, we set p k = p\ + • ■ ■ + p^. The next 
lemma follows from [Ze, Proposition A.3.2]. 

Lemma 5.7. (See [WW, Lemma 5.10].) There exists a complete set 0(p) of left coset 
representatives of in 6 n such that any w G 0 (p) is of the form a(l,p k + 1) for some 
a G and 0 < k < r — 1. (It is understood that (1, p k + 1) = 1 if k = 0.) 
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Note that (1, m + 1) = s m ■ ■ ■ S 2 S 1 S 2 • • • s m . By (12.121) and the identity e-iggj = 9j e i,j+i 
for l<z<j<n — lin Yj‘ n , we can easily get the following result. 

Lemma 5.8. Let g £ G r (n). Fix 0 < k < r — 1 and let \ = (1 ,jl k + 1). Then we have 

p, k 

^i9w k 9w k ^fi k -\-1 (l/ 9 ) ^ ^ 9y k ' 92 gig 2 * 9 1 ' 9p, k ■ 

1=1 

where gf l+1 means replacing gi with Xi + \. 

Let {oti | i £ J} be the simple roots of the affine Lie algebra sl e and {hi \ i £ J} be the 
corresponding simple coroots. Let P+ be the set of all dominant integral weights. For 
each g £ P + , we define the cyclotomic Hecke algebra by 

ie J 

We set = K 

For each A € A, we dehne X' £ P + by (hi, X) = Aj, Vi £ J. Thus, we have a one-to-one 
correspondence between A and P + , and we will identify the two sets. Furthermore, we 
dehne the following algebra: 

iiGE r (n) 

Recall the functor 3“ defined in Theorem 13.71 Then we have the following result. 

Theorem 5.9. 3~ induces a category equivalence T A : Y r ^' -mod—-mod. 

Proof. The category Y^)i ^-mod can be identified with the full subcategory of F r *-mod 
consisting of all modules M with d\M = 0. By Lemma 13.31 d\M = 0 if and only if 
S \= 0 for each g £ C r (n). By Lemma [3721 and Proposition 13.61 we have 

y-K 

~ IndA n (4M), I^M = V(g) <g> K Horn KT (V(g), I^M). 

* r,g 

As vector spaces, we have 

Mfj, = g w (g) I/iM. 

wGO(fi) 

By Lemma [ATI for each w £ 0(g), there exists a £ & n _i such that w = a(l,g k +1) = 
1 7w k for some 0 < k < r — 1. Note that e; gk +1 = 0 on I fl M for 1 < l < g k . So we have 

Xig w k ® z = g w k <g> X, k+1 z 

/x g, r~ 

for 2 £ Ifj,M by Lemma [5781 and thus f\g w <8> z = g w <S> f\,k z , where 

fx,k--=H(X-,k +1 -q l ) X '- 

ie J 

Therefore, f\M {l = 0 if and only if = 0 for all 0 < k < r — 1. By Proposi¬ 

tions [3T4]{376l f\j- acts as zero on I tl M if and only if niej0yt fc +i ~ 9*) Ai ac ^ s as zero 011 
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Horn kt(V {/l) 1 1pM). Therefore, f\M = 0 if and only if Hohik t(V {p), I^M) € TCr.’jf- mod 
for each p S G r (n) as desired. □ 


6. Applications 


In this section, we will present several applications of the category equivalence obtained 
in the preceding section. We shall classify all finite dimensional simple -modules, 
and establish the modular branching rule for Y r ^ which provides a description of the 
socle of the restriction to Y^t 1 1 of a simple Y r A A K -module. We also give a crystal graph 
interpretation for modular branching rules. In the end, we will give a block decomposition 
of W A « K -mod. 


6.1. The simple W^-modules. Let ev r)A denote the surjective algebra homomorphism 
ev n>A : —> fK A ’ K for any n. Then an HCn’ K -module L can be regarded as an IK^-module 

by inflation, denoted by ev* , L. From the proof of Theorem 15.91 we see that if L *. 

(1 < k < r) is a simple fK^-module, then S^(L.) is in fact a W^-module. Thus, by 
Theorem EH we immediately get the following result. 


Theorem 6.1. Each simple Yffh -module is isomorphic to a module of the form 


y-K 


S„(L.) := Ind-iTR 

1 r,/x 


®AU 


'ev* liA Li) 


»ev 


fL r 


,A L r )) i 


A K 

where p = (mi, ..., p r ) € C r (n), and (1 < k < r) is a simple -module. Moreover, 
the above modules 5 M (L.), for various p G C r (n) and L & (1 < k < r), form a complete set 
of pairwise non-isomorphic simple Y r % -modules. 


Ariki has given the classification of simple modules of a cyclotomic Hecke algebra over 
an arbitrary field IF in terms of Kleshchev muitipartitions. Let be the set of all |A|- 
multipartitions of n. We denote by DC* the set of all Kleshchev muitipartitions in D*; see 

[Ari2, Definition 2.3] for the precise definition. Set 1K A .’ K = K® IK*. Then the simple 

A IF X 

3i n ’ -modules are parameterized by DQ ([Ari2, Theorem 4.2]). 

Combining this fact with Theorem 16.11 we immediately obtain the next result. 

Corollary 6.2. The simple Y r A -modules are parameterized by the set 

'B = {(p,i/> i, ...,ip r )\p = (mi,. . .,p r )€ e r (n),^» € DC*., 1 < i < r). 

In the case |A| = XaeJ Xj = 1, is just the Yokonuma-Hecke algebra Y^‘ n . and DC* is 
exactly the set of e-restricted partitions of n (recall that e is the order of q in IK*). Thus, 
we have also obtained the following corollary. 

Corollary 6.3. The simple Y^ n -modules are parameterized by the set 

C = {(/r,^i) • • • i Vv) | P G C r (n) and each ipi is an e—restricted partition of pi). 

Remark 6.4. The classification of simple modules of a Yokonuma-Hecke algebra in the 
split semisimple and non split semisimple case has been described in [JP, Section 4.1]. 
The simple modules of a cyclotomic Yokonuma-Hecke algebra in the generic semisimple 
case have been classified in [ChP2, Proposition 3.14]. 
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6.2. Branching rules for Y^n and a crystal graph interpretation. We denote by 
K(A) the Grothendieck group of a module category A and by Irr(A) the set of pairwise 
non-isomorphic simple objects in A. For each A £ P+, let 

K{ A) = 0 K(H*- mod), K( A) c = C <8>z K( A). 

n> 0 

Besides the functors e A and / A for (K A (see R.emark f5.6p . we define two additional operators 
e A and / A on ]J ))>0 Irr((K A -mod) by setting e A L = Soc(e A P) and / A L = Head(/ A L) for 
each simple TC A -module L. We also have the operator e A on the set A a (see |Ari3] for the 
dehnition of effi). 

Denote by L(A) the irreducible highest weight s! e -module of highest weight A £ P+. 
The next results are proved in [Aril, Theorem 4.4] and [Gr, Theorem 12.3]. 

Proposition 6.5. Let A £ P+. Then K( A)c is an sl e -module with the Chevalley genera¬ 
tors acting as e A and / A (i £ J); A'(A)c is isomorphic to L{ A) as sl e -modules. 

Moreover, Un>0 kr(J{^-niod) is isomorphic to the crystal basis B( A) of the simple 
sl e -module L( A) with operators e A and / A identified with the Kashiwara operators. 

We also have the next modular branching rules for cyclotomic Hecke algebras. 
Proposition 6.6. (See [Ari3, Theorem 6.1].) For each p £ 3C A , let D^ be the correspond¬ 
ing simple TC^-module. Then we have e A ZP = D e i fl . 

For each A £ A, let 

K t ( A) = ©K(F r ^-mod), K T { A) c = C K T ( A). 

n> 0 

Recall the functors e A ^j. and / A ^ fc defined in Definition 15.51 for i £ I and 1 < k < r. 

They induces linear operators on Kt( A)c- By Theorem 15.91 the category equivalence T A 
induces a canonical linear isomorphism 

T a : K t ( A) K{ A) » ■ • • ® A(A) ^ A(A)® r . (6.1) 

We shall identify W+^-rnod with a full subcategory of F r * -mod. By Lemma 14.51 the 
functor ef x k corresponds via 3~ A to e A applied to the k -th tensor factor on the right-hand 
side of (16.11) . By Frobenius reciprocity, / A ^ fc is left adjoint to e^ k and / A is left adjoint 
to e A ; hence / A ^ fc corresponds to / A applied to the k -th tensor factor on the right-hand 
side of (16.11) . With the identification of y+^-mod with a full subcategory of F r *-mod, 
Theorem 14.61 and Proposition 16.61 implies the following modular branching rules for 
Theorem 6.7. We have 

Soc(Res$$ Sn(L.)) = 0 S^- (e A P.) ® (V k ® L(i)), 

r,n 1,1 ieS,l<k<r k 

where Y^'^f x 1 denotes the subalgebra ofYr,generated by A"^ 1 ,..., A^ 1 , WT, and g w for 
all w £ © n _i, and L(i) is the one-dimensional K[A ± l ]-module with X^ 1 acting as the 
scalar q ±l . 
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Combining this with Theorem l5.9l and Proposition ^. 51 we have established the following 
result. 

(Dr 

Theorem 6.8. Kp{ A)c affords a simple sl e -module isomorphic to L(A)® r with the 
Chevalley generators of the k-th summand of sl e acting as e* k and k (i £ J) for 
each 1 < k < r. 

Moreover, U rt> o Irr(T r A A K -niod) (and respectively, the modular branching graph given 
by Theorem 6.7) is isomorphic to the crystal basis B{\)® r (and respectively, the corre- 
sponding crystal graph) of the simple sl e -module L(X)® r . 

6.3. A block decomposition of -mod. The blocks of the cyclotomic Hecke algebra 
over an arbitrary algebraically closed held have been classified in [LM, Theorem A], 
By the Morita equivalence established in Theorem 15.91 the decomposition (15.31) provides 
us a block decomposition of Yff, -mod. 
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